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Let P be a second-order elliptic operator in a domain Q s R”. Suppose that P 
admits a positive minimal Green function Gf in 52. It is the main purpose of this 
paper to prove that if WoC’(Q) is a small perturbation of P in 8, then 
max W(x) > 0 (min W(x) < 0) iff there exists a unique t + > 0 (t _ < 0) such that the 
equation 
(P-t+(t_)W)u=O 
has a positive solution U+ (u-) in s1, satisfying U+ (u-)-G!,? outside a compact 
set in 0. 0 1989 Academic Press, Inc. 
0. INTR~OUCTI~N 
Let P be a second-order uniformly elliptic operator defined in a domain 
51 E R”, n 2 2. Let VP(62) be the convex cone of all positive solutions of the 
equation 
Pu=O in Q. (0.1) 
We recall [lo, Definition 1.21 that P is a subcritical operator in 8, if P 
admits a positive minimal Green function G:(x, y) in 0. P is said to be 
supercritical in 52, if qP(sZ) = 0. Finally, P is said to be critical in ~2, if P 
is neither subcritical nor supercritical in 0. (See also [7] and also [ 111 
where this terminology was first introduced for self-adjoint operators. For 
related results see also [2, 83.) 
Let P be a subcritical operator in Sz and let 
P,=P+tW, (O-2) 
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where WE C”(O) and t E R. Define 
S, = S+(Q) = {t E R 1 P, is subcritical in Q}, (0.3) 
So = S,(Q) = (t E R 1 P, is critical in a}, (0.4) 
S =S-(Q)= (~ERIP, is supercritical in a}. (0.5) 
For W2 0 we have 
THEOREM 0.1 (See [ 10, Theorem 4.43). Let P be a subcritical operator 
in 52 and let WE C’(Q). Suppose that W> 0, W & 0. Then there exists t,, < 0 
such that 
s, c (to, aJ), S-=(-co, to), toES,uS+. (O-6) 
The following example shows that the question of the criticality of 
P+ to W is not an easy one to answer. 
EXAMPLE 0.2. Let P = -A + 1 in R”, and let W(x) z 1. Then t, = - 1 
but t,ES, iff n=2. 
It turns out that to E S,, if the perturbation W(x) is a small perturbation 
(see Definition 2.1). 
Suppose now that W changes its sign in 52. M. Murata [7] proved that 
if P is a subcritical Schriidinger operator in !J c R” and W has a compact 
support in 52, then S, consists of two points. In [lo] the author conjec- 
tured that this is true also for general subcritical operators. In the same 
paper we also conjectured that So consists of at most two points, if P is a 
uniformly subcritical operator in R” and WE L’(R”)n L”(R”) (see [lo, 
Remark 4.8(ii) and Conjecture 4.111). 
It is the main purpose of this paper to ‘prove the conjecture for general 
small perturbations. In Section 1 we shall give some basic definitions, fix 
notations, and recall some results from [lo]. In Section 2 we shall discuss 
some properties of subcritical operators of the form P, = P + t W where P 
is subcritical and W is a small perturbation. In Section 3 we shall prove the 
conjecture and discuss some properties of critical operators. 
The author expresses his gratitude to the University of California, Los 
Angeles, for the kindness and hospitality shown to him during his stay 
there for the academic years 1986-1987 and 1987-1988. 
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1. PRELIMINARIES 
We shall consider a second-order elliptic operator P acting on functions 
u in a domain $2 s R”, n 2 2. We shall deal with a uniformly elliptic 
operator of the form 
Pu= - f: a,i(x)ajaju+ i b,(x)a,u+C(X)U, (1.1) 
i,j= 1 i= 1 
ai= a/axi, X= (x,, . . . . x,) E Q. We assume that the coefficients of P are real 
and Holder continuous, and that 
(1.2) 
for all x E Jz and 5 E R”, where y is a positive number. 
Let {Oj},?X I be a sequence of bounded domains with smooth boundaries 
which exhaust Q, i.e., 52 = lJ,y , Qj and Qjs Qj+ i. Without loss of the 
generality we can assume that 0 E Q, . 
Let WE C”(Q), 0 <ad 1. For every j> 1 let 4j(x) be a smooth cutoff 
function in Sz such that #j(x) = 1 in sZj, 4j(x) 3 0 in Q\sZ,+ i, and 
0 < +j(x) < 1. Set Wj(x) = tij(x) W(x) and Vj(x) = W(x) - Wj(x). 
Suppose that P (PI) is subcritical in B. We shall denote the positive 
minimal Green function of P (PI) in Q by GF(x, y) (G!,(x, y)). We shall 
say that GF and Gf, are equivalent (which is denoted by GF - GF,) if there 
exists C > 0 such that 
C- ‘G%, Y) d G:,(x, y) G CG$(x, y) (1.3) 
for every x, JJEO, x# y. 
We shall denote by 6, the Martin compactification of Sz with respect 
to P and by (d;(Q)) d’(Q) its (minimal) Martin boundary. A Martin 
function that is normalized at x = 0 and has a pole at c E dP(B) will be 
denoted by KF(x, a). 
If P is critical in 52, then dim VP(Q) = 1. In this case, a positive solution 
of the equation Pu = 0 in 52 has a minimal growth at infinity and is called 
[ 1, 10) a ground state of P (with eigenvalue zero). 
We shall use the following result from [lo] (see Theorem 2.10 and the 
inequality (2.42) there). 
LEMMA 1.1. Let P be a subcritical operator in Q and let WE C:(Q), 
O<c!<l. 
(i) There exists e0 > 0 such that P + E W is subcritical in Q for all 
o< l&l C&g. 
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(ii) Suppose that for some t E R, P -!- t W is subcritical in Q. Then 
G: - G:+ rw. (1.4) 
(iii) There exists C>O such that 
i G$(x, z)l W(z)1 G:(z, Y) dz < CG:(x, y) (1.5) R 
for all x, yES2. 
2. THE SUBCRITICAL CASE 
Throughout this section we shall assume that P is a subcritical operator 
in Sz. We consider a family of operators 
P,=P+tW, where WEC’(Q) and tE R. (2.1) 
DEFINITION 2.1. We say that W is a small perturbation of P if 
lim G:(xv z)l Vz)l G:(z, Y) dz 
G:(x, Y) 
(2.2) 
j-m 
EXAMPLE 2.2. The following are examples of small perturbations that 
were studied recently. 
(i) Suppose that P is a general subcritical operator in Q. Then a 
function with a compact support in 52 is a small perturbation of P (see 
c7, 101). 
(ii) Let P= -A in R”, n > 3, and suppose that W(x) satisfies the 
inequality 
(I+ I-4 )” I W(x)l G 4(lxlh XE R”. 
Here QI(r) is a nonincreasing function such that 
s 00 r-Id(r) dr < co, ‘0 
where r. > 0 (see [7, 91). 
(iii) Consider the operator P= -A + 1 in R” and let W(x) be a 
short-range potential (see [4, 73). 
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(iv) Let P be a uniformly subcritical operator in R” (see [ 10, Defini- 
tion 3.2]), and let WEL’(R”)~L”(R”) be a function that satisfies 
lim R-m s”pIxj>R i”“fx)i =O. 
In the sequel we shall use the following notation for the iterated Green 
kernel: 
G(o) (a,p, w)b, Y) = G;(x, Y) (2.3) 
G$:, w)(xv Y) = I k2 1. (2.4) D 
G:(x, z) W(z) G$;,$&, Y) dz, 
The following lemma was proved in [4] for the special case of a short- 
range perturbation of the operator --A + 1 (for relevant results see also 
[7, Sect. 53). 
LEMMA 2.3. Let W be a small perturbation of P. 
(i) There exists C > 0 such that 
s G%, z)l W(z)1 G%, y) dz d CG:(x, y) (2.5) R 
for all x, y E 52. 
(ii) The following inequality holds for every x, y E 52 and k 2 0 
lGlkn),p,w)(x, Y)I G CkG%, Y). (2.6) 
(iii) For j> 1 large enough there exists 0 < c(j) < 1 s.t. 
IGlk,p,y,)k Y)I Q C’c(i)‘+* G:(x, y) (2.7) 
for all x, y E Q and k 2 3. Moreover c(j) + 0 as j + 00. 
Proof (i) Using inequality (1.5) we have 
s GF(X, Z)I Wj+ ( G?(z, Y) dz GCGF(x, y) (2.8) R 
for every x, y E 52. Hence, the definition of small perturbation and (2.8) 
imply that 
s G%, z)l W)l G:(z, y) dz < CC%, y) (2.9) R 
for all x, y E Q\Qj. 
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If XEQ\1;2i+, and YELPS, then by (2.8) and the Harnack inequality we 
have 
s G%, z)l W(z)1 G% Y) dz 0 
G I G$(x, Z)I Wj+ I( G:(z, .Y) dz D 
+ I:,,, GF(X, Z)I vj+ I( G~(z, ~‘1 dz 
< CG$(x, y) + C j GF(X, Z)I vj+ I( Gg(z, YO) dz 
QW,+1 
6 CG:(x, y) + C j G?(x, Z)I f’j:.(Z)I Gf(z, YO) dz, (2.10) 
Q\Q, 
where Y, E Qj+ ,\fij and 1(x - y,lJ > cllx - yll. Hence 
I G:(x, z)l W(z)1 G$Cz, v) dz < CG:(x, y) -I- CG:(x, y,,) R 
< CG:(x, y). 
The same can be done for xesZj and YESZ\L?~+ 1.
If x, ~EL?~+~, then 
5 G!(x, z)l W)l G%, Y) dz R 
G I n G?(x, z)I Wj+ I( G$(z, y) dz 
+s Q\Q, + 1 
G!(x, z)I vi+ I( Gz(z, Y) dz 
< CG:(x, y) + C j 
Q\Q, + I
G(xo, z)I vi+ I( G$(z, ~0) dz 
< CG:(x, y) + C j G?(xo, z)I j’j(Z)I G?Cz, UO) dz 
a\n, 
< ‘Xk v) + CG:(xo, YO) G CG:(x, Y), 
where XO, ~0 E Qj+ I\fJj and II+, - yell 2 cllx- yll. 
(ii) Using (i) and mathematical induction we obtain (ii). 
(2.11) 
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(iii) Notice that 
G$,P,,,,(x, ~)=[-j-/:(x, ~1) Vjh) G:(z,, z2) 
x vj(z*)- Vj(zk) G:(z,, y) dz, . . . dz,. (2.12) 
Following the idea in [4], let us first estimate the k - 2 internal integrals. 
Using (2.2) and mathematical induction we have 
s  n\fJ, G?(x, Z,)I vj(Zl)I IG~~~L,,(zl, Zk)I 
X I vj(Z/c)I GF(z/c, Y)dzk dz, 
d 
f I G?(x, ZI)I Vj(Zl)IC(j)k-2 G$(zI, Z/c) 
Q\nj 
X I J'j(Z/c)I GF(z/c, Y) dz, dzk, 
where c(j) is arbitrary small. Using (2.5) twice we obtain (iii). 
LEMMA 2.4. Suppose that GF satisfies inequality (2.5). Then there exists 
Ed > 0 such that P + EW is subcritical in Sz for all I&( < Q, GF+CW- GF, and 
G:+,w satisfies the resolvent equation 
GO p+e& Y) = G%G Y) --E s, G$(x, z) W(z) G:+dz, y) dz. (2.13) 
Moreover, if W is a small perturbation and P + t W is subcritical in Q, then 
G:+,w- (8. 
Remark 2.5. It follows from Lemma 2.4 and from Theorem 2.3 in [lo] 
that P and P $ t W are P-equivalent in 52 for all t E S, (for the definition 
of P-equivalent see for example Definition 2.2 in [lo]). 
Proof of Lemma 2.4. It follows from (2.6) that for E > 0 small enough 
the Neumann series 
*k Y)= f (-l)kG&&v,(~, Y)
k=O 
(2.14) 
converges to a positive fundamental solution of the equation 
(P + E W) u = 0. Therefore P + E W is subcritical and 
G:+E& Y) d fQx> Y). (2.15) 
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It follows from (2.6) and (2.15) that 
G p+ew(x, u) Q fh Y) G CG:k Y). (2.16) 
Using the resolvent equation in Qj we have 
G?‘+,w(x, Y) = G?‘(x, v) --E IQ, GY(x, z) W(z) Gf’+&, y) dz. (2.17) 
Using (2.5), (2.16), and the dominated convergence theorem we see that 
GF+dV satisfies the resolvent equation (2.13 ). 
It follows from (2.5), (2.13), and (2.16) that 
G% v) G G:,,, (x, v) + ~CG:(x, Y). (2.18) 
Hence, using (2.16) and (2.18) we obtain 
ff(x, Y) G CG:b, Y) G CG:+,w(x, Y). (2.19) 
We then obtain from the minimality of GF+EW that 
f& Y) = G:+s& Y). (2.20) 
Suppose now that W is a small perturbation of P and P + t W is 
subcritical in 52. It follows from Lemma 2.3(iii) that there exists j> 1 and 
c(j) < 1 such that 
IG&:p,,v,,b~ Y)I C C*C(~)(~-*) G:(x, Y). (2.21) 
One can show as above that P + t Vj is subcritical and 
G:,,v,-G!. (2.22) 
Since P + t W= P + t Vi + t W, and Wj(x) has a compact support in 8, it 
follows from Lemma 1.1 and (2.22) that 
G~+tw-G+tv,-G. (2.23) 
Remark 2.6. The converse of Lemma 2.4 is also true. Suppose that 
G+ ,W, satisfies the resolvent equation and G:+ ,w, - GF. Then we have 
f G:(x, z)l W(z)1 Gf(z, Y) dz D 
G C 5 R G?(x, z)l W(z)1 G, ,w&, y) dz 
for all x, yEQ. 
< CG:(x, Y), (2.24) 
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We shall use this observation for a subcritical operator P in a bounded 
Cl,‘-domain. In this case it is known [6] that all minimal positive Green 
functions are equivalent. Hence (2.6) holds for every WE C”(a), and there- 
fore S, is a nonempty open set. 
3. THE CRITICAL CASE 
Let P be a subcritical operator in Q and let WE C”(Q) be a small pertur- 
bation of P in Q. In this section we prove: 
THEOREM 3.1. The sets S,(Q) are nonempty open sets, S, is a con- 
nected set, and S,(Q) consists of two points tf W does not have a definite sign 
in Q, and one point otherwise. 
We shall assume first that W 2 0. We have 
THEOREM 3.2. Let Wa 0, W f 0 be a small perturbation of a subcritical 
operator P in Q. There exists t, > 0 such that 
s, =(-to, oo), so = {to>, S-=(--co, -to). (3.1) 
Moreover, the positive solution of the equation 
(P-t,W)u=O in 52 (3.2) 
satisfies the equation 
u(x) = to s 
GF(x, z) W(z) u(z) dz. (3.3) 
a 
Proof of Theorem 3.2. The first part of the theorem follows directly 
from Theorem 0.1 and Lemma 2.4. 
Let t < to. Then P- t W is subcritical in Sz and GFprw satisfies the 
resolvent equation 
G* P- r,&, Y) = G%, Y) + t i, G$C x, z) W(z) G$-&z, y) dz. (3.4) 
Let { yj} zE i = 52 be a fundamental sequence in 6, such that yi i+ o. * Q 
and aoAr( Since GpezWm G$, it follows from Theorem 2.3 in [lo] 
that yi i+ co b cl, where 0, E A:-‘“(Q). 
Using (3.4) and the Fatou lemma we have 
505/80/2-4 
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Using (3.4) and the Fatou lemma we have 
KF- ,W (x, 0,) > lim inf 
GF(O, Yi) 
Gf- ,w(Q YJ 
K%, a) 
i-m 
+ t lim inf I 
G?- rW(z, Yi) 
i-m Q 
Gz(x, z) W(z) GR 
p- rpf/(O, yJ dz* (3.5) 
Therefore 
K” P--I&, 0,) 2 t JQ G%, z) W(z) K% ,&, a,) dz. 
Let t /1 t,. We shall use now the property that any positive supersolution 
of the equation 
is a ground state. 
(P-t,W)u=O in 52 
Using the Fatou lemma once again we obtain 
u(x) >/ t, 
I 
G$(x, z) W(z) u(z) dz. 
0 
(3.7) 
Let 
u(x) = t, i G:(x, z) W(z) u(z) dz, (3.8) R 
Uj(X) = to s Gy(x, z) W(z) u(z) dz, j2 1. (3.9) R 
Then uj /* o, vi< u < u, and Puj = t, Wu in sZj. Using standard elliptic 
estimates we see that 
(3.10) 
Therefore u is a positive supersolution of the equation 
(P-t, W)u=O in Q. (3.11) 
Since P - t,, W is critical in Q, it follows that u = u. 
Proof of Theorem 3.1. We may assume that W,(x) = max( + W(x), 0) 
do not vanish identically. (The case where W has a constant sign has been 
treated in Theorem 3.2.) 
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Let a 2 0 and define ~(a) to be the unique positive number such that the 
operator 
P+aW+ -p(a)W- (3.12) 
is critical in Sz. Since P + a W, is subcritical for all a 2 0 and W- 2 0 is a 
small perturbation of P + a W, , it follows from Theorem 3.2 that p(a) is 
well defined. Notice that P + a W is critical iff a = ,u(a). 
Let 8, c supp Wp be a subdomain of Q, and notice that 
P+aW+ -p(a) W- =P-p(a) W- in 52,. (3.13) 
Recall also that a supercritical operator in Q,, c Sz is evidently supercritical 
in Sz. From these remarks and from Theorem 0.1 it follows that p(a) is a 
bounded function. It is easy to check that p(a) is a strictly increasing 
function in R + . We shall prove now that for all ai, a2 > 0 
al+a2 PF’ ( ) 
, Aal) + Aa21 
2 . 
(3.14) 
Let ui(x) be the ground state of the operator P + ai W, - ,u(ai) W- in Q, 
i= 1,2. Define 
al+a2 
& = - 
Aal) + Aa21 
2 ’ 
p= 
2 ’ 
(3.15) 
and let u = (u,u~)“~. Then 
(P+crW+ -jiw-)u 
=z(P+a,W+-p(a,)W-)u, 
+$(P+a,W+-p(a,)W-)u, 
(3.16) 
Therefore u is a positive supersolution of the equation 
(P+iW+-jiw-)u=O in Sz, (3.17) 
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and it is a solution of (3.17) iff tag =c1?. Hence ~(6) > ji and equality holds 
iff tli =c(~. 
Since ,u is a bounded function, it follows from (3.14) that p is a strictly 
concave function in R, and in particular, p is continuous. Hence, there 
exists a unique solution c1, > 0 of the equation c1= P(E), and therefore CI + 
is the unique positive number such that P + tl W is a critical operator in 52. 
The same can be done for a < 0. 
Remark 3.3. The idea of the concavity of P(U) comes from [3]. 
The authors there indicate that the idea goes back to H. Berestycki and 
P. L. Lions. 
In the proofs of Theorems 3.1 and 3.2 we used the following two proper- 
ties of small perturbations: 
(i) Inequality (2.6) holds. 
(ii) Gf+,,- GF for all YES,. 
It follows from Remark 2.6 that these two properties are also satisfied in 
the case of bounded C ‘3 l-domains, for a general subcritical operator P, and 
WE C”(D). Thus we obtain the following result. 
THEOREM 3.4. Suppose that P is a subcritical operator in a bounded 
Cl*‘-domain. Then all the conclusions of Theorems 3.1 and 3.2 are valid for 
an arbitrary WE Ca(@. 
Remark 3.5. Theorem 3.4 was proved by P. Hess and T. Kato using 
different methods (see [S]). 
The following lemma describes the behavior near infinity of the ground 
state of an operator with a small perturbation. 
LEMMA 3.6. Let W be a small perturbation of a subcritical operator P in 
52. Then there exists C > 0 such that if to E S, and u E ‘is,-,,(Q), the 
inequality 
C- 'G:(x, 0) G u(x)/u(O) < CGF(x, 0) holds for all x E Q\Q, . (3.18) 
ProoJ Let VEC;(Q~), V>O, and V&O. Then P,=P+t,W+V is 
subcritical in 52. It follows from Lemma 1.1 that GF+ y - Gs. Therefore W 
is a small perturbation of P+ V. Hence, by Lemma 2.4 
G$-G$,,-GF. (3.19) 
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Using (3.3) we have 
4~) = ID G:,( x, z) V(z) u(z) dz. (3.20) 
It follows from the Harnack inequality and (3.20) that 
C-‘G:,(x, 0) < u(x)/u(O) < CG:,(x, 0) for x~L2\Qr. (3.21) 
Combining (3.19) and (3.21) we obtain (3.18). 
In conclusion let us discuss briefly the structure of the sets S, for a 
general perturbation of the form P + t W, where qp(s2) # 0 and WE C’(Q) 
does not have a definite sign in Q. 
Define 
(3.22) 
It is clear that ~(a) is well defined for all cx > a*, where - co < a* < 0. As 
in the proof of Theorem 3.1 one can show that p(a) is a bounded non- 
decreasing concave function. Moreover if a, < a2 and a,, a2 E S, u S, then 
ii = (a, + a,)/2 E S, . We have 
THEOREM 3.7. Suppose that wp(f2) # 0, and let WE C*(Q), W, f 0. 
Then there exist t + , t- ER such that t- <O<t+ and 
(t-, f+)ES+, S-=(--co, t-)u(t+, aJ)v t-, t,E&uS+. 
(3.23) 
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